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Abstract
In this paper we find bounds for the zeros of the sum of two polynomials whose coefficients are restricted
to certain conditions in the framework of Enestrom-Kakeya theorem.
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Introduction

A famous result giving a bound for all the
zeros of a polynomial with rea positive
monotonically decreasing coefficients is the
following result known as Enestrom-K akeya theorem

[2]:

n .
Theorem A: Let P(2) = Zaj Z' be a polynomial
=0
of degree n such that
a,za, =..2a,24a,>0.

(1)
Then all the zeros of P(z) lie in the closed disk

17<1.

If the coefficients are monotonic but not positive,
Joyal, Labelle and Rahman [1] gave the following
generalization of Theorem A:

n .

Theorem B: Let P(2) = Zaj Z' be a polynomial
=0

of degree n such that

a,za, ;2. 2a, 24,.

Then all the zeros of P(z) lie in the closed disk

~ 3 *[a|
e

TR
If Pz and Q(z) are two polynomials whose
coefficients satisfy relations of the type (1), then the
question arises whether Theorem A holds good for
the sum
P(2)+Q(z) of the two polynomials. It is easy to see
that if the two polynomials have the same degree,
then the conclusion of Theorem A holds good. But if

P(z) and Q(2) are not of the same degree, then the
result is not true. For example consider the

polynomials P(2)=z*+z+1 and
Q(z) =3z+ 2. Both satisfy the conditions of
Theorem A and both of them have their zeros in

|Z<1.But P(2) +Q(2) = 2* + 4z+3,

whose zeros are -1, -3 with moduli 1 and 3 so that
one zero does not liein |Z| < 1and the theorem fails.
The same is true of the polynomias
P(z) =5z° +4z+ 3 and

Q(z) =8z+ 7. The modulus of each zero of

P(2)+Q(z) is2>1. Insuch cases, however, we prove
the following result:

Theorem 1: Let

P(2)=) a;2' and
i=0

m .
Q(2) = ij Z' be polynomials of degrees n and
j=0
m (n>m) respectively such that
a,za, 2. 2a, 24,
b,=b ,>...2b >b,.
Then P(2)+Q(z) has all its zerosin the disk
4 a, +|[b,| + b, +[ao| +|b| —a, — b,
) 2|
The bound of Theorem 1for the zeros of P(2)+Q(2)

in the first example given above is 7 and
|Z| < 7 contains both -1 and -3. Similarly the bound

for the second example is 4.2 and |Z| < 4.2 contains

both the zeros.
If we take Q(2)=0, Theorem 1 gives Theorem B.

http: // www.ijesrt.com(C)l nternational Journal of Engineering Sciences & Research Technology
[980-982]



[6ulzar, 3(2): February, 2014] ISSN: 2277-9655
Impact Factor: 1.852

Proof of Theorem
Proof of Theorem 1: Let n=m+p, p>0 i.e.m=n-p.Consider the polynomial

F(2)=1-2)(P(2) + Q(2)

=(1-2a,z" +a,,z"" +....+a, ., 2" " +(a,_, +b_)Z"P +...
wpa D )27+ (8 +h)z+ (8, + )]
=-a,2" +(a, —a,,)2" +(a,3 —8,,)Z"" Fet (A, ~ By )

+ (a n-p-1 bn—p—l)zn_p

+(a

- - n-p+l
n-p+1 an—p bn—p)Z + (a Tt b -

+. +(a, +b - b)z+(a0+b)
For |Z| >1, we have, by using the hypotheas,

|F(Z)| 2 |a'n||zln+1 - ‘(an - an—l)zn + (an—l - an—z)zn_1 T + (an—p+2 - a'n—p+1)Z )

+ (8, g — A, )z“‘p+1 +(a,,+b_,-a,_,,-b_,,)z""
+.o.t(a, +b —a, - b)z+(a0+b)|
sfal" [, - oy + 2t el s ZBal B R

2 2
+b_ —a -b

an—p n-p n-p-1 n- p—1‘

a
+

“&p ~ bn—p‘ +

4™ 2"

+|a1+b1_ao_bo|+|ao+bo|

4™ 4"

>|Z|n[|an||z| _{an - a -1 + an—l - an—2 o + an—p+2 - an—p+l + an—p+l - an—p

n-p+l

o, |+ @y =@, + by =By F A 8y by =g +]ag] + o]
=4"lla,|4-{a, + bn-p\ +b,., +|ao| +|bo| — @, ~ by}
>0 if
|an||zl —{a, + bn-p‘ +b,_, +|aO| +|bo| —a, b} >0
i.e
|2|>| |(a +]b, |+, *ag] + [, ~ 2 = by).

This shows that those zeros of F(Z) whose modulusis greater than 1 liein
|Z| | | n—p‘+bn—p +|ao|+|bo|_ao_bo)-

But the zeros of F(z) whose modulus is less than or equal to 1 already satisfy the above inequality. Therefore , it
followsthat all the zeros of F(z) lieinthe disk

|Z| | | n—p‘+bn—p+|ao|+|bo|_ao_bo)-

Since the zeros of P(z) are also the zeros of F(z), the result follows.
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